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We remark that the often ignored quantum probability ux
is fundamental for a genuine understanding of scattering phe-
nomena and, in particular, for the statistics of the time and
position of the rst exit of a quantum particle from a given re-
gion, which may be simply expressed in terms of the ux. This
simple formula for these statistics does not appear as such in
the literature. It is proposed that the formula, which is very
dierent from the usual quantum mechanical measurement
formulas, be veried experimentally. A full understanding of
the quantum ux and the associated formula is provided by
Bohmian mechanics.
In Born's interpretation of the wave function  
t
at time
t of a single particle of mass m, 
t





probability density for nding the particle at x at that
time. The consistency of this interpretation is ensured



















is the quantum ux (h = 1).
The quantum ux is usually not considered to be of any
operational signicance (see however [1]). It is not re-
lated to any standard quantum mechanical measurement
in the way, for example, that the density , as the spec-
tral measure of the position operator, gives the statistics
for a position measurement. Nonetheless, it is hard to re-
sist the suggestion that the quantum ux integrated over
a surface gives the probability that the particle crosses





is the probability that a particle crosses the surface ele-
ment dS in the time dt. However, this suggestion must be




negative, in which case it cannot be a probability. But
before discussing the situations where j
 
t
 dSdt can be
negative we want to consider rst a regime for which we
can expect this quantity to be positive, so that its mean-
ing could in fact be the crossing probability, namely, the
regime described by scattering theory.
In textbooks on quantum mechanics the principal ob-
jects of interest for scattering phenomena are nonnor-
malized stationary solutions of the Schrodinger equation























is the scattered wave with angular dependent
amplitude. f(; ) gives the probability for deection of
the particle in the direction specied by ;  by the well-
known formula for the dierential cross section
d = jf(; )j
2
sin dd (2)
This representation of a scattering process is, how-
ever, not entirely convincing since Born's rule is not
directly applicable to non-normalizable wave functions.
More important, this picture is entirely time-independent
whereas the physical scattering event is certainly a pro-
cess in space and time. Indeed, according to some
experts, the arguments leading to the formula (2) for
the cross section \wouldn't convince an educated rst
grader" ( [2], p. 97).
Clearly, the stationary treatment must ultimately
be justied by an analysis of wave packets evolving





 (x) we immediately obtain by Born's rule the
probabilities for position measurements. But what are
the relevant probabilities in a scattering experiment? In
mathematical physics (e.g. [3], p. 356, and [4]) an answer


























This connects the asymptotic probability of nding the
particle in some cone C with the probability of nding












is the wave operator (\s- lim" de-
notes the strong limit), H = H
0








and ^denotes the Fourier transform. It is generally be-
lieved that the left hand side of the scattering-into-cones
1
theorem is exactly what the scattering experiment mea-
sures, as if the fundamental cross section associated with


















is the cone with apex at the origin subtended
by  (see Fig. 1). To connect this with (2), which is in-
dependent of the details of the initial wave function, one
may invoke the right hand side of the scattering-into-
cones theorem to recover the usual formula with addi-
tional assumptions on the initial wave packet (see [3] p.
356 for a discussion of this.)
So far the mathematics. But back to physics. The
left hand side of the scattering-into-cones theorem is the
probability that at some large but xed time, when the
position of the particle is measured, the particle is found
in the cone C. But does one actually measure in a scat-
tering experiment in what cone the particle happens to
be found at some large but xed time? Is it not rather
the case that one of a collection of distant detectors sur-
rounding the scattering center res at some random time,
a time that is not chosen by the experimenter? And
isn't that random time simply the time at which, roughly
speaking, the particle crosses the detector surface subten-
dend by the cone?
This suggests that the relevant quantity for the scat-
tering experiment should be the quantum ux. If the de-
tectors are suciently distant from the scattering center
the ux will typically be outgoing and (1) will be posi-
tive. We obtain as the probability that the particle has
crossed some distant surface during some time interval
the integral of (1) over that time interval and that sur-
face. The integrated ux thus provides us with a physical















where R is the intersection of the cone C

with the
sphere of radius R (see Fig. 1). As before, one would like
to connect this with the usual formulas and hence we
need the counterpart of the scattering-into-cones theo-
rem |the ux-across-surfaces theorem|which provides





























The fundamental importance of the ux-across-
surfaces theorem was rst recognized by Combes, New-
ton and Shtokhamer [7]. To our knowlegde there ex-
ists no rigorous proof of this theorem, although the
heuristic argument for it is straightforward. Let us con-






























(This free theorem, by the way, should be physically su-
cient, since the scattered wave packet should in any case
move almost freely after the scattering has essentially
been completed (see also [7]).)
Now the ux should contribute to the integral in (5)
only for large times, because the packet must travel a
long time before it reaches the distant sphere at radius
R. Thus we may use the long-time asymptotics of the





































































  1) ! 0 as t ! 1, we may neglect the


















(This asymptotics has long been recognized as important





























(Note that by (7) the current is strictly radial for large
times, so that j
 
t
 dS is indeed positive.)



























































This heuristic argument for the free ux-across-
surfaces theorem (5) is so simple and intuitive that one
may wonder why it does not appear in any primer on
scattering theory. (For a rigorous proof see [9]).
To arrive at the general result (4) one may use the fact












































We turn now to a much more subtle question (see also
[10]): What happens if we place the detectors not too
2
distant from the scattering center and prepare the wave
function near the scattering center, i.e., what happens if
we do not take the limit R!1 so central to scattering
theory? The detectors will of course again re at some
random time and position, but what now of the statis-
tics? This question is not quite as innocent as it sounds;
it concerns in fact one of the most debated problems in
quantum theory: what we are considering here is the
problem of time measurement, specically the problem
of escape time (and position at such time) of a particle
from a region G. It is well known that there is no self-
adjoint time observable of any sort and there is a huge
and controversial literature on this and on what to do
about it. (See [11,12] and references therein.) Note also
that since the exit position is the position of the particle
at a random time, it cannot be expressed as a Heisenberg
position operator in any obvious way.
The obvious answer (see [13] for a one-dimensional ver-
sion) is, of course, provided by (1), provided that the
boundary of G is crossed at most once by the particle, so
that every crossing of the boundary of G is a rst cross-
ing, and provided of course that (1) is nonnegative. No-
tice that the preceding provisos might well be expected
to be intimately connected. We thus propose that (1)
indeed gives the rst exit statistics whenever the follow-
ing current positivity condition (a condition on the wave
function and on the surface)




(x; t)  dS > 0
is satised. (Note that given a region G, the CPC holds
only for special wave functions.) We predict that the
statistics given by (1) will be obtained in an experi-
ment on an ensemble of particles prepared with (approxi-
mately) CPC wave function  which is initially well local-
ized in some region G whenever the detectors around the
boundary of G are suciently passive, a condition that
needs to be more carefully delineated but which should
widely satised.
A simple example of a situation where the CPC holds
and where one may easily compute the exit-time statistics
is the following. A spherically symmetric Gaussian wave
packet, with initial width , which is initally located at
the center of a sphere with radius R, evolves freely. One




































Of course, some important questions remain: The ex-
pression (1) is not a probability for all wave functions|so
what if anything does it physically represent in general?
And what in the general case is the formula for the rst
exit statistics?
We stress again that the prediction (1) for the exit
statistics is not of the standard form, as given by the
quantum formalism, since it is not concerned with the
measurement of an operator as observable [14]. How-
ever, no claim is made that the expression (1) and its
interpretation cannot also be arrived at from standard
quantum mechanics|it presumably can|e.g., by includ-
ing the measurement devices in the quantum mechani-
cal analysis. (See however [11].) In the next section we
shall explain how the ux as the central object for es-
cape and scattering phenomena arises naturally within
Bohmian mechanics [15,16], where the physical meaning
of (1) turns out to be the measure for the expected num-
ber of signed crossings, which of course can be negative.
In Bohmian mechanics a particle moves along a trajec-

















is the particle's wave function, evolving accord-
ing to Schrodinger's equation. Moreover, if an ensemble
of particles with wave function  is prepared, the posi-
tions x of the particles are distributed according to the
quantum equilibrium measure IP
 
with density  = j j
2
( normalized) [16].
In particular, the continuity equation for the proba-























Hence, given  
t
, the solutions x(t;x
0
) of equation (8)
are random trajectories, where the randomness comes
from the IP
 
-distributed random initial position x
0
,  
being the initial wave function.
Consider now, at time t=0, a particle with wave func-
tion  localized in some region G  IR
3
with smooth
boundary. Consider the number N (dS; dt) of crossings by
x(t) of the surface element dS of the boundary ofG in the







(dS; dt) denotes the number of outward cross-
ings and N
 
(dS; dt) the number of backward crossings of
dS in time dt, we dene the number of signed crossings
by N
s





We can now compute the expectation values with re-
spect to the probability IP
 
of these numbers in the usual
statistical mechanics manner. Note that for a crossing of
dS in the time interval (t; t + dt) to occur, the particle
has to be in a cylinder of size jv
 
t
dt dSj at time t. Thus
we obtain for the expectation value
IE
 



















If we further introduce the random variables t
e
, the
rst exit time from G, t
e
:= infft  0jx(t) =2 Gg, and x
e
,




), we obtain a very
natural and principled explanation of what we arrived at
3
in a heuristic and suggestive manner in our treatment of
scattering theory and the statistics of the rst exit time
and position. For Bohmian mechanics the CPC implies
that every trajectory crosses the boundary of G at most
once, and in this case we have
IE
 









=2 dt or x
e




2 dS and t
e
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2 dS and t
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(See [18] for the general case.)
In the context of scattering theory we recognize that
our denition (3) of 
ux
captures exactly what it should
once one has real trajectories: the asymptotic probability










This follows from the fact that the expected number of








N = 1, N = 0





Localized initial packet Sphere with radius 1
Scattering center
FIG. 1. The initial wave packet evolves under the inuence
of the scatterer at the origin. In Bohmian mechanics the ow
lines of the corresponding ux represent the possible trajec-
tories of the particle.
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